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Abstract. Let P be a long range metric perturbation of the Euclidean Laplacian on M , 
d > 2. We prove local energy decay for the solutions of the wave, Klein-Gordon and 
Schrodinger equations associated to P. The problem is decomposed in a low and high 
frequency analysis. For the high energy part, we assume a non trapping condition. For low 
(resp. high) frequencies we obtain a general result about the local energy decay for the group 
e u f( p ) where / has a suitable development at zero (resp. infinity). 



1. Introduction 

This paper is devoted to the study of the local energy decay for several evolution equations 
associated to long range metric perturbations of the Euclidean Laplacian on M. d , d > 2. In 
particular, we show that the local energy for the wave (resp. Schrodinger) equation decays 
like (t) 1 ~ d+£ (resp. \t\~ d ^ 2 (t) £ ). The restriction on the decays comes from the low frequency 
part, whose study constitutes the main part of the paper. 

In the case of compactly supported (or exponentially decaying) perturbations, one of the 
most efficient approaches to prove local energy decay is the theory of resonances. For the 
wave equation outside some non trapping obstacles in odd dimension > 3, Lax and Phillips 
|22] have obtained an exponential decay of the local energy. This has been generalized by 
Lax, Morawetz and Phillips [2T] to star-shaped obstacles and by Melrose and Sjostrand [23] 
to non trapping obstacles. For general, non trapping, differential operators, Vamberg [35j has 
obtained exponential (resp. polynomial) decay in odd (resp. even) dimensions. His proof rests 
on estimates of the cut-off resolvent in the complex plane. The theory of resonances can also 
be used to analyze the trapping situation; but, in this case, Ralston [26] has proved that there 
is necessarily a loss of derivatives in the estimates. We mention the work of Burq [9] without 
assumption on the trapped set, the work of Tang and Zworski [31] for the resonances close 
the real line, the work of Christianson [10J for hyperbolic trapped sets with small topological 
pressure studied by Nonnenmacher and Zworski [24] and the work of Petkov and Stoyanov 
|25] outside several disjoint convex compact obstacles. 

For slowly decaying perturbations, it is not clear how to use the theory of resonances. 
Instead, one can apply other methods (like resolvent estimates, perturbation theory, vector 
field methods, . . . ) giving typically polynomial decays. Jensen, Mourre and Perry [20J and 
Hunziker, Sigal and Soffer [18] have proved abstract local energy decays using Mourre theory. 
There is also a huge literature concerning the local energy decay for the Schrodinger equation 
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perturbed by a potential. We only mention here the works of Rauch [27] and of Jensen and 
Kato [19]. Perturbation theory can also be applied for short range metric perturbations as in 
the work of Wang [38 J . Schlag, Soffer and Staubach [29j EH] (see also the references therein) 
have considered radial short range perturbations of conical ends. 

There has been important progress concerning the local energy decay for the wave equation 
in black hole type space-times. Finster, Kamran, Smoller and Yau p3], Tataru and Tohaneanu 
|33j . Dafermos and Rodnianski [11], Andersson and Blue [2] and Tataru [32j have proved 
various results in this direction for the Kerr metric which is, far away from the black hole, a 
long range perturbation of the Minkowski metric. 

In dimension 3, Tataru [32] has obtained a (i)~ 3 local decay rate for some wave equations 
with long range perturbations which are radial up to short range terms. In our long range 
setting, Bouclet [8] has established estimates for various evolution equations with other decay 
rates. Note that he also obtained low frequency estimates for powers of the resolvent (see 
also Bouclet [7J and our work [6] for estimates on the resolvent at low energy and Guillarmou 
and Hassell [16\ [T7] for a low frequency description of the resolvent using pseudodifferential 
calculus). 

One can also consider evolution equations of higher order. For example, Ben-Artzi, Koch 
and Saut [3] have established different dispersive estimates for the fourth order Schrodinger 
groups e J *( £ ^ +A ) with e G {—1,0, 1}. Moreover, Balabane [3] has obtained smoothing effects 
and local energy decays for evolution equations associated to an elliptic Fourier multiplier. 

We consider the following operator on M. d , with d > 2, 




where b(x) G C°°(M d ) and G(x) G C°°{M. d ;R dxd ) is a real symmetric d x d matrix. The 
C°° hypothesis is made mostly for convenience, much weaker regularity could actually be 
considered. We make an ellipticity assumption: 

(HI) 3C > 0, Vx G R d G(x) > CI d and b{x) > C, 

Id being the identity matrix on M. d . We also assume that P is a long range perturbation of 
the Euclidean Laplacian: 

(H2) 3p > 0, Va G N d \d«(G(x) - I d )\ + \8%(b{x) - 1)| < (x)-^. 

In particular, if b = 1, we are concerned with an elliptic operator in divergence form 
P = -div(GV). On the other hand, if G = (g 2 g^ (x)) i:j , b = (det^) 1 / 4 , g = \, then the 
above operator is unitarily equivalent to the Laplace-Beltrami — A on (R d ,g) with metric 

d 

0=5^ 9i,j{x) dx 1 dx j , 

where (gij)ij is inverse to (g l ^)ij and the unitary transform is just multiplication by g. In 
the following, || • || will always design the norm on L 2 (R d ). We first obtain local energy decay 
estimates for several evolution equations at low frequency. 
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Theorem 1. Assume (|HT|) - (|H2|) and d>2. For all x£ C[ 
i) for the wave equation 

1 _ d sint\/P 



and e > 0, we have 



(2) 
(3) 



(x)- a (d t ,VP) 



p 

sin ty/P 



P 



x(P)(x)- d <(t)- d+£ . 



ii) for the Klein-Gordon equation 

(4) ||<x>- d/ v^x(p)(*>- d / 2 || < (tr d/2+£ . 

Hi) for the Schrddinger equation 

(5) \\{x)- d / 2 e ltP x{P){x)- dl2 \\ < (ty d / 2+£ . 
iv) for the fourth order Schrddinger equation 

(6) \\(x)- d ^ p+p2 h(P)(x)- d/2 \\ < <r d/2+£ , 

(7) \\{x)- d l 2 e itp2 X {P){x)- d l 2 \\ < {t)- d ' A+£ . 

The above theorem collects special cases of a more general theorem. 

Theorem 2. Assume (|Hip - (jH2p and d > 2. Let f be a real function such that 

f(x) = a + a 1 x a + x a+ »g(x), 

with oi / 0, a, is > and g G C7°°(M). Let x 6 Cg°(M) be such that /'(x) > for all 
x G supp xH]0, +oo[. 

i) If < os < 1, we have for all e > 

(8) ||(^)-^eW X (P)(x)-^||<(t)-^+ e . 

ii) If a > 1, we have for all e > 



(9) 



\(x)-le^x(P)(x)-l\\<(t)-^. 



We now give estimates which are global in energy. Since the Hamiltonian trajectories play 
a crucial role at high frequencies, the local energy decay depends on the geometry of these 
curves. In this paper, we will assume that 

(H3) P is non-trapping. 

Under this assumption, we obtain local energy decay estimates for various evolution equations. 

Theorem 3. Assume ([HT]) ~ (|H3]) and d > 2. For all e > 0, we have 
i) for the wave equation 



(10) 
(11) 



a _ d sin t\/P 
{x) p= — u 



(x) a (d t ,VP) 1= u 



P 



<(t)- d+£ \\(x) d u\\. 
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ii) for the Klein-Gordon equation 



(12) 



(x) -d/2 e ,Vl+P M || < 




U 



Hi) for the Schrddinger equation 



(13) 



{x)- d ' 2 e itp u\\ < \t\- d / 2 {tf\\{x) d / 2 



u 



H -d/2(jg,dy 



(15) 



(14) 




u 



u 



H -3d/2(^dy 



H- 3d / 2 (R d ) 



Remark 4. i) In even dimensions, (110p and (jllj) are optimal modulo the loss of (t) £ . Indeed, 
the fundamental solution of the wave equation on the Minkowski space is explicitly known 
and a better estimate is not possible (see e.g. Section 3.5 of [34 J). 

ii) The type of decay we obtain for the wave equation does not depend on the parity 
of the dimension. This is not the case on the Minkowski space since the strong Huygens 
principle assures that the local energy decays as much as we want for d > 3 odd. For 
compactly supported perturbation, the theory of resonances gives an exponential decay (see 
e.g. Vainberg [35]). The difference with our results is that, roughly speaking, we only use 
upper bounds on the kernel of the resolvent (which do not depend on the parity of the 
dimension) and not analytic properties (only valid in odd dimensions). 

Hi) The decays that we obtain globally are limited by the best possible decays for the low 
frequency part given by Theorem [TJ But, outside of the low frequencies, better decays follow 
from the estimates (|16p and (|17p below which hold in all dimension d > 1. 

iv) It is perhaps also possible to deal with some trapping situations for which the high 
frequency behavior of the evolution is well understood. Note that, in this case, there will 
necessarily be a loss of derivatives. For example, one can hope to remove the assumption that 
the perturbation is compactly supported in the work of Christianson [TO] to obtain polynomial 
local energy decay (limited by the decay at low frequency) for hyperbolic trapped sets. 

Theorem [3] comes from Theorem [1] and the following general result at high frequency. 



Theorem 5. Assume (IHlj) - (lrI3p and d > 1. Let f be a real function such that, for x > 1, 

f(x) = x a + x a -»g(x), 

with a,v>0 and g(±) G C°°([0,1[). 

i) For all ip G Cq°(]0, +oo[) and [i > 0, we have 



uniformly for h > small enough and t£l. 

ii) For all x £ Cq° 0^) e Q ua ^ to 1 on a sufficiently large neighborhood of and fi > 0, 



(16) 




(17) 




for a < 1/2, 
for a > 1/2. 
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Remark 6. The proof of Theorem [5] rests on a semiclassical argument which can be used 
in other situations. For example, Proposition [14] gives another proof of one of the results 
obtained by Wang in [37]: Let P^ = —h 2 A + V{x) be a semiclassical Schrodinger operator 
with a potential V satisfying |9°V(x)| < for some p > and all a € N d . Assume 

that [a,b] C]0,+oo[ is an interval of non trapping energy for p = £ 2 + V(x). Then, for all 
(p £ Co°([a, b]) and p > 0, we have 

\\(x)-^ tP ^(p h )(x)-q< (*)-". 

uniformly for i € K. 

To prove the different local energy decays, we use an abstract result of Hunziker, Sigal 
and Soffer |18] based on a Mourre estimate. Then we have to make a specific study of 
the commutator estimates at low and high frequencies. The low energies are treated in 
Section [2] using Hardy type estimates. The high frequency results follow from a local energy 
decay for general semiclassical operators, using only commutators estimates, proved in Section 
[3] Eventually, Section H] collects low frequency resolvent estimates generalizing those of [5j 
Appendix B]. 

2. LOW FREQUENCY ESTIMATES 

2.1. Abstract setting. 

In this section we recall a theorem of Hunziker, Sigal and Soffer [18] that will be used in 
the following. To do so, we have to recall the notion of regularity with respect to an operator. 
A full presentation of this theory can be found in the book of Amrein, Boutet de Monvel and 
Georgescu pQ. 

Definition 7. Let (A, D(A)) and (H, D{H)) be self-adjoint operators on a separable Hilbert 
space 7~L. The operator H is of class C k {A) for k > 0, if there is z £ C \ &(H) such that 

R 9 t — > e itA (H- z)- x e- itA , 

is C k for the strong topology of C(H). 

Let H G C 1 (A) and / C <j(H) be an open interval. We assume that A and H satisfy a 
Mourre estimate on /: 

(18) li(H)i[H,A]l z (H) >SMH), 

for some 5 > 0. As usual, we define the multi-commutators ad^ B inductively by ad^ B = B 
and ad^ +1 £ = [A,ad j A B]. 

In the sequel, we will need a version of a result of [H] which holds uniformly in the 
operators A and H. Following the different constants in that paper, we obtain the result 
below supposing that the Mourre estimate (fT8l) is satisfied uniformly (i.e. the constant 5 > 
and the interval I are fixed). 

Theorem 8 (Hunziker, Sigal, Soffer). Let p > and JL = min{n G N; n > p + 1}. Let H,A 
be two self-adjoint operators such that H £ C >M (A), that the Mourre estimate (|18p holds and 
that the commutators ad J A H are bounded for 1 < j < ~p. Then, for all x £ Co°(-0> 

IK^-^x^HI < ^,x(ll adi^||,. . . , || ad^lD^IKA)^!, 
where P^,x IS a polynomial. 
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2.2. The Mourre estimate. 

The goal of this section is to obtain some estimates at low frequency that will be used in the 
next section to prove Theorems Q] and [2] thanks to Theorem [8j Note that Vasy and Wunsch 
[36] have shown Mourre estimates for P and \[P at low frequency for scattering manifolds. 
For that, they have used some Hardy type estimates proved by pseudodifferential calculus. 

Let ip\ G C°°(M;]R) be a family of functions fulfilling the following conditions. We suppose 
that, for all j G N, we have uniformly in A > 1 

\diM*)\<h 

and that there exist an open interval / <s]0, +oo[ and constants 5,B,C > such that 

Vx > B ip x (x) = C, 

and 

Vx G / i// x (x) > 5, 

for all A > 1. The aim of this section is to establish a Mourre estimate for the operators 
tpx(XP) which holds uniformly in A 3> 1. We will assume the hypotheses of Theorem [TJ Let 

A = ^{xD + Dx), D(A) = {ue L 2 (R d ); Au G L 2 (R d )}, 
be the generator of dilations. 

Proposition 9. i) For all j G N and e > 0, we have t/)\(\P) G C^{A) and 

1 ifd>3, 



(19) ||ad>A(AP)||<| 



A £ ifd = 2. 

ii) For A Jarge enough, we have the following Mourre estimate 

(20) l/(AP)i[V'A(AP),^]l/(AP) > 5(infI)l/(AP). 

Hi) For all tp G C^°(M) and n,e > 0, we have 

(21) \\(A)^ip(\P)(x)-^\\ < A -5 min (M/2)+e_ 

The rest of this section is devoted to the proof of the previous proposition. We start by 
proving the commutator estimate. 

Lemma 10. For all j G N and e > 0, we have ip\(XP) G C^(A) and 

(1 ifd>3, 

\\^ A MXP)\\<{ X , i[d = 2 

Proof. It is well known that P G C l (A). Moreover, using the pseudodifferential calculus, 
we obtain ip\{\P) G C 3 {A) for all j G N. We now estimate the multi-commutators. In the 
following, a term rj, j G N, will denote a smooth function such that 

(22) VaGN d d^r j (x) = 0{{x)- p ^-\ a \). 
Also let dj = djb and R be a term of the form 

R = d*rod + d*r\ + r\d + r2, 
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where, to clarify the statement, we have not written the sums over the indexes. Then, a direct 
calculation (see also [5] (3.22) and page 42]) gives 

(23) i[P,A] = (2P + R), [R,A]=R, 

Since ip\(x) = C for x > B, there exists xx G Co°([ — 2B, 22?]; R), uniformly bounded in A 
with all its derivatives, such that 

ip\(x) = C + x\{x), 

for x e [0,+oo[. In particular, ip\{XP) = C + xx(XP) because XP > 0. Let \\ £ Q)°(C) be 
an almost analytic extension of xx supported in a fixed compact of C with 

VnGN \dxx(z)\ < \lmz\ n , 

uniformly in A > 1. Therefore, using ([23]) and the Helffer-Sjostrand formula, ad^ ip\(XP) is 
a finite sum of terms of the form 

I dxx(z)(XP - z)- 1 [J (A(P + R)(XP - z)- l )L{dz), 
^ l 

for some k < j. Since XP(XP — z) _1 = 1 + z(AP — z) -1 , ad^ tp\(XP) can be written as a 
finite sum of terms of the form 

(24) J z e dxx(z)(XP - z)- no XR(XP - z)- ni ■ ■ ■ XR(XP - z)- nk L(dz), 

with k,£ < j and n, G N \ {0}. 

Using Proposition [18] and Remark [HI we see that we have for some C > 

(25) HAP -,)-l + ||(AP-,)- V|| < 7 ^{ X ~' 

for all e > small enough. Here r (resp. r*) is one of the operators (x)~ p ^ 2 d or (x)^ 1 ^ p ^ 2 
(resp. d*(x)~ p / 2 or (x)^ 1 ^ p ^ 2 ). In the same manner we find, using also Lemma [ 

(26) ||r(AP-2)-VH < 



~ A| Im z\ c 

Putting together ([25]), ([26]) and 2? = r*C(l)r, we get 

1 (X £ d>3, 

\\(xp - z)-^xr(xp - zr* ■ ■ ■ xr(xp - zr a « ii < jj^c [ X e d : 2 ; 

Combining with (|24p , this finishes the proof of the lemma. □ 



We now can prove the Mourre estimate 
Lemma 11. For X large enough, we have the following Mourre estimate 

li(XP)i[ip x {XP),A]lj(XP) > <5(inf2)lj(AP). 
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Proof. We take the same notations as in the proof of Lemma [TU1 Then, we have 
i[> A (AP),A] =-- / dxx(z)(XP - z)-H[XP,A](XP - z)- x L{dz) 



with, see (3.22)], 



— / dx\(z)(\P - z)- 1 \(2P + R)(XP - z)- 1 L(dz) 
n Jc 



R = d*rod + d*r\ + rid. 

Therefore, we obtain 

h(XP)i[ipx{XP),A] h(XP) = 2t I (XP)^' x (XP)XPl I (XP) + l I (XP)Rt I (XP) 

> 2S(M I)h(XP) + l I (XP)Rt I (XP), 

with 

R = -- [ dxx(z)(XP - z)~ 1 XR(XP - zY 1 L{dz). 
n Jc 

By Proposition 1181 we have for some e, C > 

||(AP-z)-^(AP-z)-i<^^. 

Then ||P|| < A _e and we get the Mourre estimate if A is sufficiently large. □ 
Lemma 12. For all (p € C^°(M) and [i, e > 0, we have 

(27) \\{A)i"<p(XP)(x)-^\\ < A-5 min (^/ 2 )+ £ . 

Proof. Here, we use the previous notations. We write 

(28) \\{A)^ip(XP)u\\ < \\{A)»-MaM<p(XP)u\\ + \\(A)^(p(XP)u\\. 



• We start by estimating the first term in (|28p . In the following, (p will always be a function 
of the form (p{x) = c{x + l) n (p(x) with c E C and re £ N. The values of c and re can change 
from line to line. We first prove by induction over \p] £ N that, for all 93 £ Cq*- 

J 

v#l^(AP)= J] (AP + l)- no [|(A(P + J R)(AP + l)- n 



J+AX^] n.>l j=l 
finite 



A' 



(29) (AP + l)- 1 J] (A(AP + l)- 1 ) £(AP). 

k=l 

For [/j] =0, we have 

<p(XP) = (AP + 1)- 2 (AP + l)V(AP) = (AP + ir x (AP + 1)- V(AP). 
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Assume now that (|29[) holds until some \H\ > 0. We write A^ +l ip(XP) = AA^tp(XP) and 
try to commute A with the right hand side of (129j) . If A commutes really, we get 

J 

Y,( xp+i ^ n °n( x ( p+R ^ xp+i ^ n] 



J+K<[p] n.>l j=l 
finite 



K 

(XP + I)" 1 H (A(XP + l)-^A(XP + lyHXP + 1)£(AP), 



fc=l 

which is of the required type. Its remains to study the commutator. We remark that [A, P + 
R] = 2i{P + R) and 

(30) [A, (XP + l)" 1 ] = -2i(XP + 1)- X A(P + R)(XP + l)" 1 . 

In particular, the commutator between A and (XP + l) _n ° Il/=i (A(P + R)(XP + l) _nj ) can 
be written as a finite sum of terms of the form 

J 

(XP + 1)-"° J} (a(P + R)(XP + 1)-^) , 
i=i 

with J = JarJ = J+l, which gives terms of the required type. Now, using ([30]) . the 
commutator between A and (XP + rifc^=i (A(XP + l)^ 1 ) can be written as a finite sum 
of terms of the form 

Ki K 2 

(31) (AP + 1)- 1 ^] (^(AP + 1)- 1 )A(P + J R)(AP + 1)- 1 Yl (A(XP+1)- V 

k=l k=l 

with K\ + K2 = K. Then, we commute to the right the K operators A of this equation. 
Using ([30]) and [A, P + R] = 2i(P + R), becomes 

J 

Y Y(xp + i)-™° Yl (a(p + P)(AP + i)~ h Aa r . 

J+K<K+1 n.>l j=l 
J>1 finite 

But, since K < K < [fj], we can apply the induction hypothesis to A K ip(XP) and this term 
will contribute as the required type. Summing up, we have obtained ([29]) for [/j] + 1 and then 
for all [it] E N. As AP(AP + l)" 1 = 1 - (AP + l) -1 , we get from ([29]) 



^V(AP) = Yl Yl ( AP + l) _no f[(AP(AP + I) - " 



J+K<\p] n.>l j=l 
finite 



A 



(32) (AP + l)- 1 J] (A(XP + l)- 1 )^). 

k=i 

From A = b^xDb + x(Db- 1 )b - id/2 = 0((x))d + 0(l) and Proposition [HI we obtain 

\\A(XP + l) _n (A 1 / 2 5*)(a;) _1 || < X~ l l 2+e , 
||(AP + l)-"(A 1 / 2 fir)(a:)- 1 || < A~ 1/2+£ , 
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for all £ > and n G N \ {0} which gives first 

\\(A)(\p + i)- n (\ 1 / 2 d*)(x)- 1 \\ < \- 1/2+£ , 

and then, for all < v < 1, 

(33) ||(^) l/ (AP + l)- n (A 1 / 2 a*)-u|| < A-^ 2+e ||(x)^||, 
by interpolation. In a similar way, we estimate 

IKAHAP + ir^A 1 / 2 ^)- 1 !! < A e . 

By interpolation we obtain, for all < v < 1, 

(34) IK^^AP + i)- x \ 1/2 (x)- x u\\ < A £ ||u||. 
The same way, Proposition 1201 yields 

(35) \\{A) v <p(\P)(x)- u u\\ < A-^ 2+£ ||u||. 

Using Proposition [18] and Lemma [22| we obtain by interpolation for < v < 1 

||(x) i/ (A 1 / 2 a)(AP + l)- n u|| < X e \\{x) u u\\, 

||(x) i/ A 1 / 2 (x)- 1 (AP + l)- n u|| < A^ 2+£ ||«||, 

\\(x) u (X 1/2 d){XP + l)- n (X 1/2 d*)u\\ < A £ ||(x)"«||, 

\{x) u {X 1 / 2 d){XP + l)- n X 1 l 2 {x)- 1 u\\ < A^ 2+£ ||u||, 

\\(x} u X 1/2 (x)-\XP + iy n {X 1/2 d*)u\\ < X £ \\(x) u u\\, 

II^^A^^-^AP + ^^A 1 / 2 ^)- 1 ^)! < X v,2+£ \\u\\. 

We remark that XR is a finite sum of terms of the form r*0(l)r where r (resp. r*) is one of 
the operators A 1 / 2 (x)~ 1 or X 1 / 2 d (resp. A 1 / 2 (x) _1 or A 1 / 2 ^*). Then, putting together (l33j) . 
dMJ) and ([361), we find 

J 



(36) 



(A)A«-M (AP + l)~ n ° Yl [XR(XP + 



(37) 

It remains to estimate 



< A" a +£ ||(x)^^n|| + A £ 



A' 

«(AP + l)- 1 [] (A(AP + l)" 1 )^), 



fc=l 

for v = and v = pL — \p]. As vl = 3*C((a;)) + 0(1), Proposition [T8l gives, for a > d/2, 
[(^"(AP + l)- 1 ^!! < X- 1/2+£ \\(x) a+1 u\\ + X £ \\(x) a u\\ 

+ - \ a / 2 - rf / 4 - 1 / 2 +e || ^ x ^/ 2 + 1 n || + A a / 2 - d / 4+£ ||(x) d / 2 n||, 

and, for a < <i/2, 

((^"(AP + l)- 1 ^!! < A-^^IKx)^^!! +A £ ||(x) Q n||. 
Therefore, we obtain 



(.^(AP + ir 1 ^)! < Yl A a+£ iKx)M 



2a+b=a 
0<£><a+l 
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Combining with (|32p and ()37|) . this gives 

\\(A)^A^ip{XP)u\\ < \-^\ a+£ \\(x} b fi(\P)u\\ 

2a+b=/i—[ii] 
0<b<n 

+ Yj ^ a ' +£ \\(x) b ' ip(\P)u\\ 

2a' +b' =0 
0<6'<M 

(38) =:S l + S 2 . 

-k 1 st case: /i > d/2. Using Proposition 1201 we obtain for b < d/2 

\\(x) b $(\P)u\\<\ b / 2 - d / 4+£ \\(x) d / 2 u\\. 

Therefore, we get 

(39) S 1 < ]T A-^A° +£ ||(x}^||. 

2a+b=fi— [/i] 
d/2<b<jx 

Note that we have a = < —d/4 + ^ ~d- ■ In the same manner, we find 

(40) 5 2 < ^ A a '+ £ ||(x> 6 '«||. 

2a'+fe'=0 
<i/2<b'<[/i] 

Here we have a' = — % < — d/<i. 

★ 2 nd case: ^ < d/2. By Proposition [20] we have, for a < fi, 

\\{x) a fi(\P)u\\ < \^ +e \\{x)»u\\. 

Therefore, we get 

(41) 5i < A-2 +£ ||(x)^u|| and S 2 < \'^ +£ \\{x)^u\\. 
Putting ([38]), ([39]), (@0]) and ([H]) together, we eventually obtain 

(42) \\{Ay-^A^i P (XP)(x}-' 1 \\ < A-! min (^/ 2 )+ £ . 

• Let us now estimate the second term in (|28p . Let (p be a function with the same properties 
as </? such that (p(p = ip. From ([33]) . we get 

< ||(A)^M^(AP)(x)^ +M ||||(x)^ M ^(Ai :, )(x)^|| 

< A- i ^ 1+£ ||(2;)^-Mv9(A J P)(x)^||. 
We have to distinguish two cases: 

★ 1 st case: fi > d/2. Then, we have by Proposition [T8l 

\\(x)^(p{\P)(x)-^\\ < A-3 +i ^ id+£ . 

* 2 nd case: fi < d/2. Again by Proposition 1181 we find 

\\{ x )> M -^p(xp){x)-^\\ < 
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Putting everything together, we find 

(43) \\(A)^-^ip(XP)(x)-^\\ < A-5 min (^/2)+ £) 

and the lemma follows from ([25ft . and (H3J). □ 



2.3. Proof of Theorems [T] and [2j 

We start by proving Theorem [2j We can clearly suppose that ao = and ai > 0. We 
will make a dyadic decomposition of the low frequencies. To do so, we will consider ip £ 
C,f (]0,+oo[) such that 

(44) Vxe]0,l] Yl ¥>(Ax) = l. 

1<A dyadic 

To 99 we associate S C^°(]0, +00 [) such that £>yj = ip. 
Let now / <s]0, +co[ be an open interval such that 

supp ip + [— h, h] C /, 

for some h > small enough. From the assumptions on /, there exists, for A large enough, 
an increasing function ip\ € C°°(R), uniformly bounded in A with all its derivates, such that 

r for x < 0, 



(45) Va(x) 



a lX a + \- v x a+u g(^j for x el, 
C for x > B, 



where B, C > are positive constants. In particular, there exists 5 > such that 

Vx G / Va(z) > 5, 
for A sufficiently large. Then, ip\ satisfies all the assumptions of Section 12.21 

On the other hand, since ip\(x) = a\x a + 0{\~ v ) for x £ I, there exist open intervals J 
and J such that 

■0A(supp(^) C J <e J C V'aU), 
for A large enough. Let r 6 C^°(J) be such that r = 1 on J. As ip\ is increasing, we get 

(46) <p(x) -< T(i> x (x)) -< 1/OMx)) -< h(x), 
where j < g means that g = 1 near the support of /. 

Since ip\ satisfies the assumptions of Section [2T2l we can apply Proposition [9] ii) and find 
that, for A large enough, the Mourre estimate (j20|) holds on the interval I. Therefore a Mourre 
estimate for the operator if)\(AP) holds on J: 

lj^ x (XP))i[^ x (XP),A] IjOMAP)) 

= lj(^A(AP))llj(AP)i[^(AP),A] 1j(AP)1j(^ a (AP)) 
>tf(inf J)lj(^ A (AP)). 

Then, from Proposition i) and Theorem [HJ there exists Ao > 1 such that for all fi,e > 

(47) \\(A)-^e itMXP) T(tjj x (\P))u\\ <X e {t)-' t \\{A)i i u\\, 
uniformly for A > Aq and t E R. 
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Let us now note that it is sufficient to prove Theorem [2] for suppx C [— e, e] for all e > 
small enough. Indeed for ^ supp x we can divide the support of x a finite number of 
intervals and use directly the result of Hunziker, Sigal and Soffer on each of these intervals 
since P has no eigenvalues (see e.g. Donnelly |13t Corollary 5.4]). Furthermore, for e > 
small enough, we have 

(48) x{x) = Yl ^(Ax)x(x). 

Ao<A dyadic 



Note also that (gSj) and (@6J imply 

(49) e a K p )(p(\P) = e itx ~ aMXP) T(i) X {\P))<p{\P). 

We have to distinguish two cases: 

* 1 st case: a < 1. Using (J3TJ) , dM]) and Proposition [9] in), we get 

\\(x)-£e iaa KV<p(\P)u\\ < \\{x)-^(p(\P){A)£{A)-£e uxa f^ip(\P)u\ 

< A-4+1 ||(A)-^e^( AP )r(^A(AP))v?(AP)u|| 

d \2s . . d n d . , , . d nil/ i _iL 1 1 

<A 2^||(,4)2^^(AP)(x) 3S||||(a?)3S«|| 

d , ~ , , d 1 1 , . d || 

< A-2+ £ (t)-^||(x)^ n ||, 
for all e > 0. Using (j4"8~|h we then estimate 

||(^)-^ e ^) X (P)n|| < £ ||(x)-^e^- Q ^^)^(AP)x(P)H| 

Ao<A dyadic 

A~5 +? d 

~ Yl — ; -^-\\( x )^x{P)u\\ 

Ao^Hyadic 1 + (X~ a t)^~ £ 
\e— ae 

A <Adyadic A2 + t2a 
yl—ae 

A <A dyadic W 2a 



where we have chosen e small enough with respect to e. 

•k 2 nd case: a > 1. We proceed in the same manner. We first get 



(50) 
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We then estimate 

\\{x)-ij tf ^ x {P)u 



where we have again chosen e small enough with respect to e. This finishes the proof of 
Theorem [2j 

Let us now explain how Theorem Q] follows from Theorem [2j The estimate (|3|) follows from 
the case a = 1/2. To prove the estimate ([2]), we have to notice that by dividing by \fP we 
loose an additional A 1 / 2 on tf(XP). To compensate this, we only use the (\~ l < 2 t) 1 ~ d+£ decay 
instead of the (X~ l / 2 t)~ d+e decay. To prove estimate @ we use the Taylor development of 
\/l + P close to zero and find a = 1. The estimates ([5]) and ([6]) correspond to the case a = 1, 
the estimate ([7]) corresponds to a = 2. 

3. High frequency estimates 

3.1. Abstract setting. 

Here we obtain a semiclassical result which is used in the next section to prove the high 
frequency estimates of Theorem [5j For that, we use the semiclassical microlocal analysis (see 
Dimassi and Sjostrand [12] for more details). We work with the <r-temperate metric 

_ dx 2 d£ 2 

For to(x,£) a weight function, let Sh(m) be the set of functions G C°°(]R d x R d ) 

such that 

\d«dPf(x,f,h)\ <m(x,0(x)- H (0- m , 

for all a, (3 G N d . In fact, Sh(m) is the space of semiclassical symbols of weight m for the 
metric 7. For / G S/j(m), the pseudodifferential operator with symbol / is given by 

(Op fc (/)u)(a0 = — ^ J e^-y^ h f{^-,i-h)u(y)dydt 

Let ^>h{m) = Op h (Sh(m)) denote the set of semiclassical pseudodifferential operators whose 
symbols are in Sh(m). 

We consider = Op h (q) G ^(l) such that 

q(x,£;h) =qo{x,0 + h 5 V h {l), 



< £ \\(x)-le^- a ^K p ^(\P) X (P)u\ 

Ao<A dyadic 

d 

~ E — ; — \\(x)*x(p)u\\ 

Ao<ATyadic 1 + (A^t)-^ 
\I—ae 

£ E 7*z£ X^IN'X^HI 

A <Adyadic A2 +* 2a 

£ E 7^11(^)^(^11 

A(,<A dyadic W 2a 

< (t)-£ + %x)l x (p)u\\ < (t)-^\u x )i u \\ 
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for some < 6 < 1. Let / d]0, +oo[ be an open interval. We assume that for (x, £) G 

we have qo(x,£) = (po(x,0) a where a > and p = k b 2 {x)Gj t k(x)£,j£,k is the principal 

symbol of P. 

Since P is non-trapping by assumption (|H3|h the positive energies are non-trapping for 
Pq. Then, using a result of Gerard and Martinez |15j and a compactness argument, one can 
construct a symbol a(x,£) G Sh((x)) such that a(x,£) = x • £ for (x,£) G Pq 1 (/ 1//q! ) with |x| 
large enough and 

(51) {p ,o}>e , 
on p^ l (I l l a ) with eo > 0. We then define 

A h = Opja) G ¥ h ((a;». 
Proposition 13. i) Tie operator Ah is essentially self-adjoint on C^°(M. d ) and, for all \i > 0, 

H(A ft )^n < \\(xr u \\. 

ii) We have Q h G C°°(A h ) and, for all j > 1, 

|| ad\ h Q h \\ < h. 

Hi) There exists e > such that, for all J <s I and h small enough, 

(52) tj(Q h )i[Q h ,A h ]lj(Q h ) > ehlj(Q h ). 

Proof, i) From Nelson's theorem (see Reed and Simon |28, Theorem X.36]) with the operator 
of comparison (x), Ah is essentially self-adjoint on C^°(M. d ). Moreover, for [i even, {Ah)* 1 = 
(1 + A 2 h yl 2 G ^ h {{xY) by the pseudodifferential calculus. Then {A h Y{x)~ tx G is a 

bounded operator. The general case, // > 0, follows from an interpolation argument. 

ii) Since Qh G ^^(l), the Beals lemma shows that {Qh + i)~ l G ^(l). In particular, 
{Qh + i)^ 1 preserves the domain of {x). On the other hand, using Ah G ^((x)), the pseu- 
dodifferential calculus gives that &d J Ah Qh G ^ / / l (/i J ). In particular, by the Calderon and 
Vaillancourt theorem, we have 

|| ad^Q^H < h. 

Hi) Let cp G Cq°(I) with ip = 1 on J. By the functional calculus of the pseudodifferential 
operators, <p{Qh) satisfies 

<p{Q h ) = Vh (tp{p%)) + h s H> h {l). 
Thus, using the composition rules of pseudodifferential operators, 

<p{Q h )i[Q h ,A h ]<p{Q h ) = hOp h {M)ap^ l {p^o}^)) +h 1+& ^ h {l). 

On the support of ip(po), we have apQ~ 1 {po,a} > 2e from (|5T1) . for some e > 0. Then, the 
Garding inequality implies 

<p(Qh)i[Qh,A h ](p(Q h ) > 2ehOp h & 2 (Po)) ~ 0(h 1+s ) 
= 2eh<p 2 {Q h )-0{h 1+& ). 

Since ip = 1 on J, we eventually obtain (152p for h small enough. □ 



16 J.-F. BONY AND D. HAFNER 

Proposition 14. Let <p E Cq°(J) and fi > 0. Then, there exists h$ > sucii that 

||<z)-^MQ/i)<s>~i <(ht)-», 
uniformly for < h < ho and t G M. 

Proof. We apply Theorem [8] of Hunziker, Sigal and Soffer. Reading carefully the paper [18 
and using Proposition 1131 one can see that, in this semiclassical setting, 

(53) \\{A h )-^ tQ ^{Q h ){A h )^\\ < (ht)-», 

for all fi > and h small enough. More precisely, |18|, Lemma 2.1] holds with the right hand 
side of (2.1)] multiplied by h. And in the proof of |18l Theorem 1.1], e tHt is replaced by 
e lH h. Now we can replace (Ah)~^ by in (|53p using Proposition[13]i) and the proposition 

follows. □ 

3.2. Proof of Theorems [3] and [H 

We start by proving Theorem [5j 

i) Let <p G C£°(]0,+oo[) and £ E C°°(R;IR) be such that <p(x) ~< (p(x a ) -< !p(x) (/ -< g 
means that g = 1 near the support of /). Then, we can write 

(54) e itf ^<p{h 2 P) = e ith ~ 2aQh ^{h 2 P) with Q h = h 2a f(P)fi{h 2 P) = k h (h 2 P), 

and kh{x) = (x a + h 2u x a ~ v g(h~ 2 x))<p(x) . We can take tp such that kh is an increasing function 
satisfying kh = near and such that kh(x) is constant for x large enough. In particular, using 
that g(~) E C°°([0, 1[), kh is C°° and all its derivatives are bounded uniformly with respect 
to h. From the properties of kh, the functional calculus of the pseudodifferential operators 
implies that Qh = kh(h 2 P) satisfies the assumptions of Section [3.11 with I = suppy?. Then, 
Proposition [TH implies 

(55) \\(x)-^ u ^lp(Q h )(x)-^\\ < (ht)-^. 

Moreover, the spectral theorem gives (p(h 2 P) = (p(Qh)(p{h 2 P) for h small enough. Then, (|54p 
and ([55]) yield 

|| ( x )-^e u f(P) lfi ^h 2 P)(x)-^\\ = \\(x)-^e ith ' 2aQh (p{Qh)(x)-' M (x)^ip{h 2 P)(x}-^\\ 

(56) < (tf-*"*)-", 

since (x)^(/2(/i 2 P)(x)~ M = 0(1) by semiclassical pseudodifferential calculus. This shows (|16p. 

ii) We now prove (fTTj) and assume first a < 1/2. There exists <p G Cg°(]0, +oo[; [0, +oo[) 
such that 

/i 2 dyadic 
0</i<l 

for x G [1, +oo[. Let fo > and x G Cq°(R) be such that ((IB} holds for < h < h and 

(57) (l-x)(x) = (l- X )(x) E ^(^x). 

?t 2 dyadic 
0<h<h 
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From the functional calculus of the pseudodifferential operators, the support of the sym- 
bol of ip(h 2 P) G ^h(l) is inside supp^(p ) modulo ^>h(h°°{x, Then, for (p -< <p G 
C7 -(]0,+oo[), 

(x)^{h 2 P) = ^{h 2 P){xY + 0{h)${h 2 P){xY + ^(^(x^r 00 )- 

In particular, 

\\{x)-^e ltf{p) V 2 {h 2 P)u\\ < {h l ~ 2a ty^\\(xYv{h 2 P)u\\ 

< h 2a ^(t)-»\\(xYv{h 2 P)u\\ 

<h 2a ^-^(t)-^(\Uh 2 P)(x}^u\\+h\\^(h 2 P)(x)^u\\ 



+ \\* h (h c °(x,0- co )u 
<(t)-»(\\ fi(h 2 P) (h 2 P) atl -^ 2 ip(h 2 P) (P)»/ 2 - a » (xYu 1 1 

+ h\\^{h 2 P){h 2 P) a ^^ 2 {P)^ 2 - a ^{xYu\\ + h\\(x)^u\\ Hft _ 
< (t)- f "\\ip(h 2 P)(P)^ 2 - af "(x)' x u\\ +h(t)- fl \\(x)' 1 i 



I iff- 



(58) 

(59) <(*>"1|(^L,- 
Using {x)-^<p(h 2 P) = ip{h 2 P){x)-» + 0(h)(x)~^, §7}, §E§ and d59j) , we obtain 
||( x )-/V*/(^)(i_ x )(p) u || 2 

(x)-^(l-x)(P)(^ Y (xy^e itf(P) V 3 {h 2 P)u 

h 2 dyadic 
0<h<h 



< 



< 



(xr^e^^^P^ 



h 2 dyadic 
0<h<h 



Y ip(h 2 P)(x)-»e u K p ^ 2 (h 2 P)u +( Yl h 



h 2 dyadic 
0<h<h 



h 2 dyadic 
0<h<h 



(x)-^e u ^ip 2 (h 2 P)u 



< y \\(x)-^ p ^ 2 (h 2 P)u\\ 2 + ( y h (tr^r 



h 2 dyadic 
0<h<h 



h 2 dyadic 
0<h<h 

2 



s Y ( i )~ 2 1k(^)( p ) M/2 ^(^lr + (*)~ 2 1l^)^ll^--M (ffid ) 



/i 2 dyadic 
0<h<h 



< it)- 2 " 



Y <p(h 2 P)(P)» /2 - af *(i 



h 2 dyadic 
0<h<h o 

< (t) fl \\(x) fl u\\ Hfi _ 2a)l( j Rd y 



+ <*>- a "lNNlL- 
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Here, we have used the quasi-orthogonality of the ip(h P)'s and 



since <p > 0. 

In the case a > 1/2, we use 

and 



h 2a ^»\\<p(h 2 P)u\\ < \\h 2a ^-^(P a ^-^ 2 +i)(P)^ 2 - a ^ip(h 2 P)u\ 
< ||( P )^-a^ ( ^ p)u || < U^ap^ll^ 

Since the rest of the proof is similar, we omit the details. 

We now explain how Theorem [3] follows from Theorems [1] and [5j We only prove (I10p 
since the other estimates can be treated the same way. Let XiXiX £ Co°(^) De such that 
l{o} X X ~< X- Using (J2j) for the low frequencies, (fT7|) with fj, = d — 1 and a = 1/2 for the 
high frequencies and the pseudodifferential calculus, we obtain 



a _ d sini\/P 



P 



< 



P 



(p) l/ 2(x) l-,WP x(p)n 



P 



+ 



(p) i/ 2(x) i-,WP (1 



P 



(l- X )(P)u 



< \\(P) 1/2 (x) l - d x(P)(x) d -^\ {x) l - dS ^^ X {P)u 



P 



+ 



{P) 1 l 2 {x) 1 - d ^- — ^^(x)^ 1 Ux) 1 - 1 smtVP(l - X )(P)u 



(60) 



<(i) 1 - d+£ ||(x) d - 1 u||. 



4. Hardy type estimates 



In this section we prove some Hardy type estimates which are slight generalizations of 
those obtained in [5]. These estimates hold in all dimensions d > 1. Note that Vasy and 
Wunsch [36j have also obtained Hardy type estimates for scattering manifolds. We begin 
with a generalization of Lemma B.l of [5] to the case 7 + /3/2 > d/A. 

Lemma 15. Let < (3, < 7 < min(l, d/A) and < 5 < d/A. Then, for all e > 0, we have 
(61) IK^APo + < \-^ +s \\(x)^u\\ + A^-^IKx) 2 ^)!, 

uniformJy for A > 1 . 

Proof. To obtain this result, we mimic the proof of Lemma B.l of [5]. From that Lemma, 
([6T]) holds without its last term if 7 + /3/2 < d/A. So, we can assume that 7 + /3/2 > d/4 and 
then > d/2 - 2. 
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Using an explicit formula for the kernel of (XPq + I) -1 an d some properties of the Hankel 
functions, it has been shown in [51 (B.5)] that the kernel of (x)p (XPq + I^ 1 , written (x) l3 k d (x — 
y,X), satisfies 

(62) \(xfk d (x-y,X)\<£ 1 (x-y,X)(yf+£ 2 (x-y,X), 
where, using the notation r = A _1//2 |x — y\, 

ti(x - y, A) = X~i e~ r/2 g d (r) and l 2 {x -y,X) = X~i + f e~ r/2 r^ g d (r), 

with 

1 for d = 1, 
(lnr) for d = 2, 
r 2 ~ d for d > 3. 

It is then enough to estimate the operators L\, L 2 whose kernels are i\{x — y, X),£ 2 (x — y, X). 
From [5j (B.9)], we have 

(63) \\Li(x)Pu\\ < X-r^Wixf+^uW. 

Let us now consider L 2 . If 5 = 0, the Young inequality and (f62l) give 



9d(r) 



\\L 2 u\\2 = \\h * u\\ 2 < \\£ 2 ||i ||u|| 2 < A 2 ||tt|| 2 , 

where || • || p designs the standard norm on L p (M n ). Assume now that 5 > 0. One more time, 
the Young inequality implies 

\\L 2 u\\ 2 = \\l 2 * u\\ 2 < H^IUMU 

for 1 < p < 2 and | = | — ~. We choose p = d+4 ^_ £ ) and we have q = d _ 2 (s- e ) ' ^ or £ 
small enough and < 5 < d/4, the condition 1 < p < 2 is fulfilled. Moreover, the condition 
/3 > d/2 - 2 and ([62|) imply that t 2 G L r (R d ) for all 1 < r < 2. In particular, £ 2 G L q (R d ) and 



(64) ||X 2 n|| 2 < a£-tA3«Hp = X%~ s+£ \ 



Using the Holder inequality, we obtain 

(65) \\u\\ p < ( J \u\ ps (x) as dx^ l/P \ f (x)- at dxy /P \ 

with i + 1 = 1. We choose s = | > 1 and a = 2p<5. In particular, at = > d and the last 
term in the previous estimate is finite. Then, (|65p becomes 



(66) |H| P < \\(x) 25 u\\ 2 . 
Combining (|64p and (j66[) . we finally obtain 

(67) ||L 2 n|| 2 < Ai-^IKx) 2 ^^. 

and the lemma follows from (I63p and (I67D . □ 

Now, using the same ideas and mimicking the proofs of Lemma B.2 and Lemma B.3 of [5], 
one can show the following estimates for the free Laplacian. 
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Lemma 16. Let j G {1, . . . , d}, < /3, < 7 < min(l/2, d/A) and < 5 < d/A. Then, for 
all e > 0, we have 

||(x) /3 (A 1 / 2 a i )(AP + irH| £ A-^IK^+^H + X^ 2 - s+£ \\(x) 2S u\\, 
uniformly for A > 1 . 

Lemma 17. Let j, k G {1, . . . , d], < /3 and < 5 < d/A. Then, for all e > 0, we Lave 

||(x) /3 (A 1 / 2 a i )(AP + l)" 1 (A 1/2 a fc ) U || < A £ ||(x)^|| +A' 3 / 2 - 5+£ ||(x) 25 n||, 
uniformiy for A > 1 . 

Then, using resolvent equations as in Section B.2 and Section B.3 of [5], one can obtain the 
following results. Since the proofs are similar to the ones of that paper, we omit the details 
here. 

Proposition 18. Let < d, < 7 < min(l, d/4) and < 5 < d/A. Then, for all e > 0, we 

nave 

|| (x) p (\P + l)- x «|| < A^ +£ || {x)^u\\ + X^ 2 - 5+£ \\(x) 25 u\\, 
uniformly for A > 1 . 

Let j G {1, . . . ,d}, < 0, < 7 < min(l/2, d/4) and < 5 < d/4. Then, for aJI e > 0, we 
have 

||(x) /3 (AP + l)- 1 (A 1 / 2 a*) U || < A-^IKx^nll+A^-^IKx) 2 ^!), 
|| (x) /3 (A 1 / 2 a j )(AP + l)- 1 ^! < A-t +£ || (x)P +2 ^u\\ + / \ /3 / 2 ~ 5+£ ||(x) 25 u||, 
uniformly for A > 1 . 

Let j, k G {1, . . . , d}, < d and < 5 < d/4. Then, for aU e > 0, we have 

||(x) /3 (A 1/2 a i )(AP + l)- 1 (A 1/2 a|)n|| < A £ ||(x>^|| +A^ 2 - <5+E ||(x> 2 ^||, 
uniformly for A > 1 . 

Remark 19. In the previous proposition, we can replace (XP + by (XP — z)^ 1 for z in 
a compact set of C and Imz ^ 0. In that case, a loss of the form | Imzl"^, C > appears in 
the estimates (see Remark B.9 of [5] ). 

Proposition 20. Let x G C£°(R), j, k G {1, . . . , d}, < d and < 7, 5 < d/A. Then, for all 
e > 0, we have 

||(x) /3 X (A J P)n|| < A-^IKx)^ 27 ^! +A /3/2 - 5+£ ||(x) 2<5 n||, 
||(x) /3 (A 1/2 a j )x(AP)u|| < A-^iKx)^ 2 ^)! + X P/2 - 5+£ \\(x) 2S u\\, 
||(x) /3 x(A J P)(A 1 / 2 a*)n|| < A-^IKx)^ 2 ^!! + A^ 2 - 5+£ || (x) 25 n|| , 
||(x)' 3 (A 1 / 2 6i-)x(AP)(A 1 / 2 ^) U || < X-^ e \\(x)^u\\+X^ 2 ~ s+e \\(x) 2S u\\, 
uniformly for A > 1 . 

Remark 21. If in addition we have 7 + (3/2 < d/A, then we can take 5 = d/2 + 7 in the 
above propositions and the second term in the right hand side of the estimates disappears. 
For example, we have 

\\(x) I3 {xp + i)- 1 ^ < x-^Wix^+^uW. 
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We will also need the following 
Lemma 22. Assume d > 2 and let < ji < 1. Then, for all e > 0, we have 

||(AP + l)- 1/2 (x)-^|| < \-^ 2+£ , 

uniformly for A > 1 . 

Proof. We make a dyadic decomposition of the energies between A -1 and 1. There exist 
/ e Cg°(R), g £ Cg°(]0,+oo[) and h e C°°(]0,+oo[) such that 

f(Xx)+ Y 9 2 {^x) + h{x) = l 

fj, dyadic 
Kfi<\ 

for all x £ [0, +oo[. Then, Proposition I2UI and the spectral theorem give 

II(ap+i)- i/2 (x)-^h < i|(ap+i)- i/2 /(ap)(x)^h + y \\( xp + i r 1/2 9 2 ^ p )( x y^\\ 

fj, dyadic 

+ ||(AP + l)- 1 / 2 /i(P)(x)^ t || 

< I|/(ap)(x)^|| + Y IKap + i)^ 2 ^^)!!!!^)^)^!! 

fj, dyadic 
l<Ai<A 

+ ||(AP + l)-^ 2+£ /i(P)|| 

(i dyadic 
Kfi<\ 

(68) <A-^ 2+£ (l+ Y ^ £/2 ) % A ^ /2+£ ' 

/i dyadic 
Kfi<\ 

which finishes the proof. □ 
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